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This paper studies the Hodges and Lehmann (1956) optimality of tests in a general setup. The tests
are compared by the exponential rates of growth to one of the power functions evaluated at a fixed
alternative while keeping the asymptotic sizes bounded by some constant. We present two sets of
sufficient conditions for a test to be Hodges-Lehmann optimal. These new conditions extend the scope
of the Hodges-Lehmann optimality analysis to setups that cannot be covered by other conditions in the
literature. The general result is illustrated by our applications of interest: testing for moment conditions
and overidentifying restrictions. In particular, we show that (i) the empirical likelihood test does not
necessarily satisfy existing conditions for optimality but does satisfy our new conditions; and (ii) the
generalized method of moments (GMM) test and the generalized empirical likelihood (GEL) tests are
Hodges-Lehmann optimal under mild primitive conditions. These results support the belief that the
Hodges-Lehmann optimality is a weak asymptotic requirement.
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1. Introduction

There are numerous testing problems in statistics and econo-
metrics where alternative tests under consideration have the same
asymptotic properties under the null hypothesis and local alter-
natives. As asymptotic comparisons are intended to approximate
finite sample behaviors, it is important to assess whether such
equivalence is preserved in different asymptotic frameworks. This
paper studies an alternative notion of asymptotic comparison of
tests due to Hodges and Lehmann (1956) in a general setup. More
specifically, we focus on global properties and compare the tests in
terms of the exponential rate of growth to one of the power func-
tions evaluated at a fixed alternative while keeping the asymptotic
sizes bounded by some constant. We present two sets of sufficient
conditions for a test to be Hodges-Lehmann optimal. These new
conditions extend the scope of the Hodges-Lehmann optimality
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analysis to setups that cannot be covered by other conditions in
the literature (e.g. Kallenberg and Kourouklis, 1992). This point is
illustrated by our applications of interest: testing for moment con-
ditions and overidentifying restrictions (or generalized estimating
equations). In particular, we show that the empirical likelihood
test (Owen, 1988; Qin and Lawless, 1994) does not necessarily sat-
isfy the existing conditions for optimality but does satisfy the new
conditions we propose, and that the generalized method of mo-
ments (GMM) test of Hansen (1982) and the generalized empir-
ical likelihood (GEL) tests of Smith (1997) and Newey and Smith
(2004) (including empirical likelihood, continuous updating GMM,
and exponential tilting as special cases) are Hodges-Lehmann op-
timal for testing overidentifying restrictions under mild primitive
conditions.

The dominant approach to approximate finite sample power
properties of tests in statistics and econometrics is based on
sequences of local (or Pitman) alternatives. There are still some
reasons to go beyond the local analysis. First, although the
local analysis might provide a good approximation of the power
function for alternatives close to the null hypothesis, there
are risks in extrapolating whatever lessons we learn locally to
alternatives that are far from the null. This is particularly true, for
example, when the finite sample power function is non-monotone
(see Nelson and Savin, 1990). Second, there are cases where
different tests, with different exact power functions, have the same
asymptotic behavior under local alternatives. Then it is important
to look for approximations that are pertinent for the regions of high
power (as it is the case for the Hodges-Lehmann approach) and see
if such equivalence is preserved in those regions.


http://dx.doi.org/10.1016/j.jeconom.2012.06.014
http://www.elsevier.com/locate/jeconom
http://www.elsevier.com/locate/jeconom
mailto:iacanay@northwestern.edu
mailto:taisuke.otsu@yale.edu
http://faculty.wcas.northwestern.edu/~iac879/
http://faculty.wcas.northwestern.edu/~iac879/
http://faculty.wcas.northwestern.edu/~iac879/
http://faculty.wcas.northwestern.edu/~iac879/
http://faculty.wcas.northwestern.edu/~iac879/
http://faculty.wcas.northwestern.edu/~iac879/
http://cowles.econ.yale.edu/faculty/otsu.htm
http://cowles.econ.yale.edu/faculty/otsu.htm
http://cowles.econ.yale.edu/faculty/otsu.htm
http://cowles.econ.yale.edu/faculty/otsu.htm
http://cowles.econ.yale.edu/faculty/otsu.htm
http://cowles.econ.yale.edu/faculty/otsu.htm
http://cowles.econ.yale.edu/faculty/otsu.htm
http://cowles.econ.yale.edu/faculty/otsu.htm
http://dx.doi.org/10.1016/j.jeconom.2012.06.014

46 LA. Canay, T. Otsu / Journal of Econometrics 171 (2012) 45-53

Our Hodges-Lehmann optimality analysis contributes to the
literature in several ways. First, we show that the existing general
sufficient conditions by Kallenberg and Kourouklis (1992) for a test
to be Hodges-Lehmann optimal are too strong for our applications
of interest. We provide an example where the empirical likelihood
test does not satisfy an even weaker version of those sufficient
conditions. Second, we provide novel sets of sufficient conditions
for the Hodges-Lehmann optimality. One set is similar to the
conditions in Kallenberg and Kourouklis (1992), although we
require lower semicontinuity in the weak topology instead of
continuity in the r-topology. The other set involves a localized
version of semicontinuity and turns out to be very useful to analyze
discontinuous cases. In our applications of interest, this new
condition allows us to establish the Hodges-Lehmann optimality
of the GEL tests. Our conditions and results are presented in
a general hypothesis testing framework. Thus, they have wide
applicability as a starting point for studying the Hodges-Lehmann
optimality in other applications. Third, we apply our sufficient
conditions to the problems of testing moment conditions and
overidentifying restrictions. For testing moment conditions, we
show that the Hotelling’s T and GEL tests are Hodges-Lehmann
optimal. For testing overidentifying restrictions (i.e., testing the
validity of estimating equations whose dimension is higher than
that of parameters), we show that the GMM and GEL tests
are Hodges-Lehmann optimal. These findings together with the
mildness of the new sufficient conditions provide further evidence
for the belief that the Hodges-Lehmann optimality seems to be a
weak asymptotic requirement.

Our application to overidentified moment condition models
(or generalized estimating equations) is of extreme importance
particularly in econometrics. It is known that the GMM and
GEL tests have the same asymptotic properties under the null
hypothesis and local alternatives. Several papers study statistical
properties of the GMM and GEL methods beyond their first-order
local asymptotic properties (e.g. Imbens et al., 1998; Newey and
Smith, 2004; Schennach, 2007). In terms of global analysis based
on large deviation theory, Kitamura (2001) and Kitamura et al.
(2012) provide conditions under which the empirical likelihood
test is uniformly most powerful in a generalized Neyman-Pearson
sense for testing overidentifying restrictions. Additional global
optimality results include those in Canay (2010) and Otsu (2010).

There are two key features of our Hodges-Lehmann analysis
relative to the other global analyses cited above. First, the type |
error probability in the Hodges-Lehmann analysis converges to a
positive constant, as opposed to converging to zero. This intends
to resemble the situation where a test statistic is compared to a
fixed asymptotic critical value. On the other hand, the above cited
papers consider the situation where a test statistic is compared to a
critical value drifting to zero. Thus, our Hodges-Lehmann analysis
complements the existing global optimality analyses for tests of
overidentifying restrictions by introducing a different asymptotic
framework. Second, the papers cited above prove that the
empirical likelihood test achieves some form of global optimality,
but do not address the possibility that other competing tests are
optimal as well. We provide Hodges-Lehmann optimality results
for several commonly used tests of overidentifying restrictions.

The remainder of the paper is organized as follows. Section 2
introduces basic notation and concepts, and presents general
Hodges-Lehmann optimality results. Section 3 applies the general
optimality results to moment condition tests and overidentifying
restriction tests. _

We use the following notation. Let R = R U {400} U {—00} be
the extended real line, A° be the complement of a set A,A\ B =
A N B° be the set subtraction of a set B from a set A, 1{A} be the
indicator function for an event A, Pr{A : P} be the probability of
an event A evaluated under a probability measure P, Ep[-] be the
mathematical expectation under a probability measure P, and “="
denote the weak convergence.

2. General results

Let X be a Polish space. Consider a random sample {x; : i =
1,...,n} generated from a probability measure Py with support
X. Let M be the set of all probability measures on X. For subsets
& and @ of M with » C @, we consider the hypothesis testing
problem

Hop:Py e P, versus Hy:Ppe @\ P.

A test ¢, is defined as a binary function of the sample, where
¢, = 0 means acceptance and ¢, = 1 means rejection. The
performance of ¢, is evaluated by two kinds of error probabilities:
an(P) = Epl¢a] for P € & (typel) and B,(P) = Ep[1 — ¢y] for
P € @\ & (type II). The Hodges-Lehmann optimality analysis
focuses on the convergence rate of the type II error probability
Bn(P1) (or power) of the test under a fixed alternative P; € @ \ 2,
while fixing the limit of the type I error probability «,(P) over
P € 2. Our definition of the Hodges-Lehmann optimality is given
below.

Definition 2.1 (Hodges-Lehmann Optimality). A test ¢py , is called
Hodges-Lehmann optimal at P, € @ \ P if

(i) ¢uLn is pointwise asymptotically level @ € (0, 1), i.e.,

limsup Ep[¢pprn] < o« foreachP € P,

n—oo
(ii) for any pointwise asymptotically level « test ¢, it holds

1 1
limsup — log Ep,[1 — ¢y n] < liminf — log Ep, [1 — ¢,].
n—oo n

n—oo N

This is, given a restriction on the type I error probability, a
test is called Hodges-Lehmann optimal at the fixed alternative
measure P; if the rate of exponential convergence of the type Il
error probability evaluated at P; is faster than or equal to that
of any alternative test. Although this definition for optimality is
intuitive, the set of alternative tests is potentially very large and
therefore it might be infeasible to explore the second inequality in
Definition 2.1 for every possible alternative test. The approach we
take here divides the analysis in two parts. First, we show that there
exists an optimal convergence rate for the type Il error probability
(or equivalently, a lower bound for liminf,_, o, n~! log Ep,[1—n]).
Then we investigate sufficient conditions to achieve the optimal
rate.

We first derive the optimal convergence rate of the type Il error
probability. For probability measures P and Q, let Q < P denote
that Q is absolutely continuous with respect P, and

/ log(dQ/dP)dQ ifQ <P
x

00 otherwise

K@Q,P) =

denote the Kullback-Leibler divergence (or relative entropy) from
Q to P. Define K (4, P) = infge K(Q, P) for a subset A C M.
The following lemma presents the best possible exponential rate
of decay to zero of the type Il error probability of a test.

Lemma 2.1. For any pointwise asymptotically level « test ¢y, it holds

1
liminf — log Ep, [1 — ¢,] = —K (£, Py),

n—oo n

foreachPy € @\ 2.

This lemma, an adaptation of Stein’s lemma to our setup,
shows that the best exponential growth rate of power depends
on the Kullback-Leibler divergence between the set & for the null
hypothesis and the fixed alternative measure P;. If K(£, P;) = oo,
the above inequality trivially holds true. If 0 < K(£, P;) < oo,
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this lemma provides the best possible exponential decay rate of
the type II error probability. If K(#, P;) = 0, this lemma says that
there is no test which attains an exponential decay rate of the type
Il error probability.

It is interesting to note that in the Bahadur optimality analysis
(e.g. Bahadur, 1960), where the roles of the type I and type Il error
probabilities are interchanged, the best possible decay rate of the
type I error is typically obtained as —K(Py, &#). Since K(P, Q) #
K(Q, P) in general, this Bahadur bound is different from the
Hodges-Lehmann bound obtained here.

To achieve the bound in Lemma 2.1, we concentrate on tests
that take the form of

én = UT(Py) > ca), (1

where T(f’n) is a test statistic based on a mapping T : M — R and
the empirical measure I3n, and {c, : n € N} is a sequence of positive
real numbers monotonically decreasing to zero. Given this form,
our task reduces to explore sufficient conditions for the mapping T
to attain the bound in Lemma 2.1.

There are results in the literature which indicate that several
tests can be Hodges-Lehmann optimal in standard testing
problems, such as parameter hypothesis and goodness of fit
testing problems (see, Kallenberg and Kourouklis, 1992; Tusnady,
1977). In particular, Kallenberg and Kourouklis (1992) show that
the Hodges-Lehmann optimality emerges in general when the
acceptance region of a test converges to the set of measures for
the null hypothesis in a coarse way, provided the mapping T
is continuous in the t-topology. We show that their continuity
assumption in the t-topology can be replaced with a lower
semicontinuity assumption or its localized version in the weak
topology. Our conditions are presented as follows. Condition 2.1 is
fundamental, and either Condition 2.2 or Condition 2.3 is required
for the optimality.

Condition 2.1. (a) @ is closed in the weak topology and (b) # =
{Qea@:T@Q) =<0}

Condition 2.2. T is lower semicontinuous in the weak topology at all
Q € {Q € @ : K(Q,P)) < oo}: thisis, forallQ € {Q € Q :
K(Q,P;) < oo} and all sequence {Q, : m € N} in @ such that
Qm = Q,itholds T(Q) < liminfy,_ o T(Qm).

Condition 2.3. » and @ are compact in the weak topology.
Furthermore, T is such that T(Q) < 0 whenever a sequence of
measures {Qn, : m € N} in @ and a sequence of positive real numbers
{nm : m € N} decreasing to zero satisfy Qn, = Q € @ and
T(Qm) < nmforallm e N.

Condition 2.1(a) imposes a weak regularity on the relevant
subset of measures @. Condition 2.1(b), imposed by Kallenberg and
Kourouklis (1992) as well, says that the set of measures & for the
null hypothesis should coincide with the level set by the mapping
T at zero (or the acceptance region in the limit). Condition 2.2
is on the continuity of T. Relative to Kallenberg and Kourouklis
(1992), this condition uses a weaker notion of continuity and a
weaker topology, meaning that it is neither stronger nor weaker
than theirs. That is, lower semicontinuity in the weak topology
implies lower semicontinuity in the r-topology, but does not
imply continuity in the t-topology as required by Kallenberg and
Kourouklis (1992). Although Condition 2.2 seems intuitive and
mild, this condition may be too restrictive to accommodate the GEL
tests for testing moment conditions or overidentifying restrictions,
which will be discussed in the next section. Example 3.1 below
demonstrates that the mapping to define the empirical likelihood
test is not lower semicontinuous in the weak (or 7) topology.
Motivated by this problem, we propose an alternative requirement

in Condition 2.3. Note that Condition 2.3 is neither weaker nor
stronger than Condition 2.2. Condition 2.3 requires that the sets
& and @ are compact in the weak topology, which is not imposed
in Condition 2.2. On the other hand, the continuity requirement
on T of Condition 2.3, which is a localized version of the lower
semicontinuity, is weaker than that of Condition 2.2 and can
accommodate the mappings for the GEL tests discussed in the next
section. In our applications, these conditions are verified under
some primitive conditions.

Based on these conditions, our general Hodges-Lehmann
optimality results are presented as follows.

Theorem 2.1. Suppose that a test ¢, taking the form of (1) is
pointwise asymptotically level «, and Condition 2.1 is satisfied. Then
under either Condition 2.2 or Condition 2.3, ¢, is Hodges-Lehmann
optimal at each P; € int(Q) \ P satisfying 0 < K(£, Py) < oo.

The first part (the statement under Condition 2.2) is a
generalization of Theorem 2.1 in Kallenberg and Kourouklis (1992).
This part is useful to show the Hodges-Lehmann optimality of the
Hotelling’s T, two-step GMM, and continuous updating GMM tests.
The second part (the statement under Condition 2.3) is applied to
establish the Hodges-Lehmann optimality of the GEL tests.

Note that this theorem establishes optimality for alternatives
such that 0 < K (&£, P1) < oo and that are not at the boundary of
@. For example, if K($#, P;) = 0, Lemma 2.1 implies that there
is no test which attains an exponential decay rate of the type II
error probability. Thus the Hodges-Lehmann analysis in such a
case, which perhaps compares polynomial decay rates of the type
Il error probabilities, will be significantly different from ours and is
beyond the scope of this paper. Also, for the case of K (&, P;) = oo,
although the conclusion of Lemma 2.1 trivially holds, the lemma
does not provide an optimal decay rate and, to the best of our
knowledge, it is not clear how to conduct the Hodges-Lehmann
analysis in such a situation.

Also note that Definition 2.1 and Theorem 2.1 apply to
tests that are pointwise asymptotically level «. However, it
is worth mentioning that we can alternatively define and
present the results for uniformly asymptotically level o tests
(ie., limsup,_, o Suppep Epl¢n] < «), which is stronger than
the pointwise asymptotic requirement. This change can be done
typically by imposing more restrictions on @ relative to the
pointwise requirement.

3. Applications

3.1. Test for moment conditions

We now apply the general Hodges-Lehmann optimality results
obtained in the last section. In this subsection, we consider the
testing problem for moment conditions Ep,[m(x)] = 0, where
m : X — RYis a vector of known functions. Pick any € > 0,
and define X (P) = Ep[(m(x) — Ep[m(x)])(m(x) — Ep[m(x)])’] and
Q. ={P € M :det(X(P)) > €},

Pe =1{P € Q. : Ep[m(x)] = 0}.

The testing problem of interest is Hy : Py € %, versus H; : Py €
Q¢ \ P.. The requirement in @, for the determinant is used to
control the asymptotic size of tests. Note that we do not make

parametric assumptions on the distributional form of Py. For this
problem, we consider the following setup.

Condition 3.1. X is compact and m is continuous on X.

1 For example, in order to control the size uniformly in the application of
Section 3.1, the set @, should impose bounded 2 + § moments or a uniform
integrability condition in addition to a restriction on the determinant.



48 LA. Canay, T. Otsu / Journal of Econometrics 171 (2012) 45-53

This condition guarantees that the sets M, &, and @, are
compact in the weak topology (see, Theorem D.8 of Dembo and
Zeitouni (1998) and Lemma B.4), and simplifies the technical
argument below.

One way to test Hy is to employ Hotelling’s T-test statistic

Ty (ﬁn), where
Tu(Q) = Eo[m(x)] Z(Q) ™ 'Eq[m()].
Since nTH(ISH) = qu under Hy, the T-test is written as ¢y, =
YTy (Py) > X&1_o/n}, where xZ2, _ is the (1 — &)-th quantile of
the qu distribution. Note that ¢y , takes the form of (1).

An alternative way to test Hy is to employ the GEL approach. For

example, consider the Cressie and Read (1984) family of criterion
functions

pa(v) = —(1+av) /@ + 1),
for a € R. The GEL test statistic is defined as T, (I3n), where

To(Q) = sup Eqlpa(y'm(x)) — pa(0)],
y€elQ

Ip = {y € RY Pr{y'm(x) € V Q} = 1}, and V is
the domain of pq(v). This GEL test statistic covers several existing
statistics, such as empirical likelihood (a = —1), Hellinger distance
(a = —1/2), exponential tilting (a = 0), and Hotelling’s T-statistic
(a = 1) discussed above. By Newey and Smith (2004), we can see
that ZnTa(ﬁn) = qu under Hy. Thus, the GEL test is written as

ban = UTa(Py) > x2,_,/(2n)} taking the form of (1).
By applying the general result in Theorem 2.1, we can show the
Hodges-Lehmann optimality of the Hotelling’s T and GEL tests.

Theorem 3.1. Assume that Condition 3.1 holds, and pick any € > 0
and a € R. Then Condition 2.1(a) holds true and

(i) the Hotelling’s T-test ¢y, is pointwise asymptotically level
a and Ty satisfies Conditions 2.1(b) and 2.2, ie, ¢un is
Hodges-Lehmann optimal at each Py € int(Q.) \ . satisfying
0 < K(Pe,P1) <00

(ii) the GEL test ¢qn is pointwise asymptotically level o and T,
satisfies Conditions 2.1(b) and 2.3, i.e., ¢, n is Hodges-Lehmann
optimal at each P; € int(Q¢) \ P satisfying 0 < K(&Pe, Py)
< 00.

Theorem 3.1 shows that several existing tests to test mo-
ment conditions are Hodges-Lehmann optimal. This suggests,
similarly to previous findings on parametric and nonparamet-
ric tests (Kallenberg and Kourouklis, 1992; Tusnady, 1977), that
Hodges-Lehmann optimality is a weak asymptotic requirement.
We are not aware of any example of a reasonable test which is not
Hodges-Lehmann optimal in this setting.?

It is interesting to note that T, is not necessarily continuous in
the t-topology, as required by Kallenberg and Kourouklis (1992).
In fact, T, does not necessarily satisfy our Condition 2.2, lower
semicontinuity in the weak topology. Indeed, this lack of lower
semicontinuity becomes our motivation to develop the alternative
requirement in Condition 2.3. To illustrate the discontinuity of
T,, let us consider the case of empirical likelihood, where the
mapping T is defined by p,(v) = log(1 — v) witha = —1 and
V = (—o0, 1). The following example shows that Tg; is not lower
semicontinuous both in the weak and t-topology.

Example 3.1 (Tg is not Lower Semicontinuous). Suppose m(x) = x
and X = [—xg,xy] for some x; > 0 and x4 > 0. Note that

2 If we restrict our attention to the class of distributions having symmetric
densities (i.e., Q. = {P € M : det(X(P)) > ¢, P hasasymmetric pdf}), then
the analysis of Hodges and Lehmann (1956) can be applied to the case of
m(x) = x (i.e, testing for location) and, for example, the sign test is typically not
Hodges-Lehmann optimal.

Condition 3.1 is satisfied. For a probability measure Q, let Xq
denote the support of Q and =X, and XHg denote the lower and
upper bounds of Xq. If {Q, : m € N} is a sequence of measures,
we use —x,, and xy,,. In this setup,

Ta(@) = sup [ log(1 + ydo.
yelp JX

and I, = (—1/xHQ, l/xLQ) (ifoQ <0orx, <0, the reciprocals

are set to 0o). Consider a measure Q* suchthat Q*(X =0) = 1—p

and Q*(X = x*) = p for some x* € (0, xy). We can always choose

p € (0, 1) so that Q* € @.. Now consider the following sequence

of probability measures,

1
QX = —x;) = —,
m

1
Qm(XZO)zl—p—E, Qn(X = x*) =p.

Clearly Q,, = Q*. Note that Iy, = (—1/x*,1/x) forallm € N,
while x;, = 0 and then Iy = (—1/x*, 00). This is, x;, does
not converge to x,, = 0 since x;,, > Oforallm e N, and so
lim infy; - 00 (X1, — X,) > 0.

Now note that since fx log(1 + yx)dQ, = log(1 — x,y)/m +
log(1+ yx*)p, the value y,; € I, that maximizes this integral is

_ px*—xi/m
(0 myxxs

As y: — 1/xpasm — oo, it follows that Tz (Qn) /* log(1 +
X*/x)p < oo. However,

*

Ym

Tn(Q) =  sup / log(1+ yx)dQ
yEe(=1/x*,00) J X
= sup  log(1+ yx*)p = oo.
yE€(=1/x*,00)

Note that Tz (Q) = oo regardless of how small x* or p might be,
as long as both are positive. Therefore, for a measure Q* € @, we
constructed a sequence {Q,, : m € N} such that Q,, = Q* and
Te (Q*) > liminfy,_, o Te (Qn), wWhich violates Condition 2.2. Since
it is also true that Q,, converges to Q in the r-topology, it follows
that the mapping T, is not lower semicontinuous in the -topology
either. O

3.2. Overidentifying restriction test

In this subsection, we consider the testing problem for
overidentifying restrictions, which are common particularly in
econometrics. Consider the (generalized) estimating functions m :
X x ® — RI, where ® C R*is the parameter space. It is
assumed that ¢ > Kk, i.e.,, the parameter is overidentified. Let
(P, 0) = Ep[(m(x, 0) —Ep[m(x, 0)]) (m(x, 0) —Ep[m(x, 6)])'] and
Qe ={P € M:det(X(P,0)) > €}. We redefine
Pe = UGG@{P € Q- EP[m(Xa 9)] = 0}7 Qe = Ugeop @e,6~

The testing problem of interest is Hy : Py € $. versus Hy : Py €
Q. \ &, ie., the estimating equations are valid and the restriction
Ep,[m(x, 6p)] = 0 is satisfied at some 6, € ©.

Condition 3.2. X and © are compact, and m is continuous in both of
its arguments.

One common test for Hy is based on the GMM of Hansen (1982).
The two-step GMM test statistic is defined as Tgy (Py), where

Toum (Q) = inf Eq[m(x, 0)1'£(Q, 6(Q)'Eqlm(x, 0)],
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and é(Q) = argmingee Eq[m(x, 0)]'WEq[m(x, 6)] withaq x q
fixed weight matrix W (i.e., é(Pn) is a preliminary estimator for
6y). Here we consider the GMM test in the form of ¢eyumn =
WTomm (Pn) > X7 1o/}

Alternatively, we can apply the GEL approach. Let I (0) =
{y € R? : Pr{y'm(x,0) € V : Q} = 1}. By using the criterion
function p, defined in the last subsection, the GEL test statistic for
Hy is given by T,(P,), where

T.(Q) = inf sup Eq[pa(y'm(x,0)) — pa(0)].
0€0 yery )

Here we consider the GEL test ¢, = UT,(P,) > Xq1 »/Cm}
Again, the GEL test includes several existing tests, such as the
empirical likelihood, exponential tilting, and continuous updating
GMM tests.

By applying the general result in Theorem 2.1, we can show the
Hodges-Lehmann optimality of the GMM and GEL tests.

Theorem 3.2. Assume that Condition 3.2 holds, and pick any ¢ > 0
and a € R. Then Condition 2.1(a) holds true and

(i) the GMM test ¢gmm, n With a continuous mapping é(-) in the weak
topology is pointwise asymptotically level o and Tgyy satisfies
Conditions 2.1(b) and 2.2, ie, @cum.n is Hodges-Lehmann
optimal ateach Py € int(Q¢)\ P satisfying 0 < K(P., P1) < 00

(ii) the GEL test ¢4 n is pointwise asymptotically level o and T,
satisfies Conditions 2.1(b) and 2.3, i.e., ¢, n is Hodges-Lehmann
optimal at each P; € int(Q.) \ P satisfying 0 < K(P., Py)
< Q.

Theorem 3.2 shows again that all tests under consideration
are Hodges-Lehmann optimal, suggesting that Hodges-Lehmann
optimality is a weak asymptotic requirement for the problem of
testing overidentifying restrictions.

As the proof of this theorem shows, the mapping Ty to define
the two-step GMM test (and also for the mapping to define the
continuous updating GMM test) is lower semicontinuous in the
weak topology. Thus, we can apply the first part of Theorem 2.1.
On the other hand, as Example 3.1 shows, the mapping T, to
define the GEL test is not lower semicontinuous in general. Thus,
we verify Condition 2.3 as an alternative route to derive the
Hodges-Lehmann optimality.

Our analysis can be also applied to parameter hypothesis tests
in estimating equations, i.e.,, Hy : Py € £ = UgegyiP € Qcp :
Ep[m(x,0)] = 0} versus Hy : Py € Q. \ P for a subset @y C 6.
It is also worth mentioning that the results in Theorem 2.1 can
be applied to a variety of alternative testing problems, including
setups where the parameter of interest is partially identified and
the statistical model involves moment inequality conditions.

Appendix A. Proof of the main results

In what follows, let 4 be the closure of a set A < M with
respect to the weak topology, and denote £2, {Q € @
T(Q) < n}and k(n) = K(£2,,P1) for n € [0, 00). We also use
w(Q, 0) = Eq[m(z, 0)].

Define the Lévy-Prohorov metric for measures P, Q € M as

di(P,Q) = inf{e > 0: P(A) < Q(A°) +¢,Q(A) < P(AY)
+ € for all Borel sets A},

3 Under additional regularity conditions (such as uniqueness of 6y and a rank
condition for Ep[dm(x, 85)/36]), we can see that nTeym (f’n) = xq{k (see, Hansen,
1982). Since we do not impose such additional requirements in the space Q., we
employ the critical value x%]_u/n instead of qu_m_a/n to guarantee that ¢y, n
is pointwise asymptotically level « (see, Lemma B.5). The same comment applies to
the critical value of the GEL test.

where A = {x € X : infyead(x,y) < €} for a metric d on X.
The Lévy-Prohorov metric is compatible with the weak topology
(Billingsley, 1999, Theorem 6.8). Let B,(P,r) = {Q € M
d;(Q, P) < r}be the ball with respect to the Lévy-Prohorov metric
centered at P with radius r > 0.

To analyze the large deviation behavior of the empirical mea-
sure 13,,, we use Sanov’s Theorem (see, Theorem 6.2.10 of Dembo
and Zeitouni, 1998) i.e.,

lim sup

n—oo

for any closed sets 4 C M in the weak topology, and

long[l{Pn € A}] < —K(4, P),

11m1nf long[l{P € B}] > —K(s8, P),

for any open sets 8 C M in the weak topology.

A.1. Proof of Lemma 2.1

Pickany P; € @\ P.IfK(P, P;) = o0, the conclusion is trivially
satisfied. So, we concentrate on the case of K (£, P;) < oo.Pickany
€ > 0.There exists Pj € & such that K(P;, Pl) < K(J Py +e€ <
oo and the Radon-Nykodym derivative r(x) = -2 ex15ts Now let

t~ = —min{t, 0}. Since Pj is absolutely contmuous with respect
to P, and s(log s)~ is bounded for all s € [0, o0), we have

/ (logr(x))~ dPg :f r(x) (logr(x))” dP; < oo.
X X

Combining this result with Epa« [logr(x)] = K(P;,Py) < o0
implies Epg“ logr(x)|]] < oo.As{x; : i = 1,...,n}is aniid.
sample from Pj, the strong law of large numbers (see, Theorem
22.1 of Billingsley, 1995) implies

l'lnl(—E[l(] Py 2
nLngon; ogr(x;) = px[logr X)] < o0, Py-as. (2)

Let P" be the n-fold product measure of P and define the event
E, = {]_[?Zl r(x;) < exp(n[K(P;, Py) + e])}.Observe that

Ep,[1— ] = / 1 = 0)dP!

En

> exp(-nlk (75, P + €D) [ 116, = 0) [ [ rexyar]
En i=1

= exp(— n[K(PO,P1) +€])
En

> exp(—n[K(Py, P1) + €)(Pr{¢y = 0 : P§"} — Pr{ES, : Pg"}),

where the first inequality follows from the set inclusion relation,
the second inequality follows from the definition of E,,, the equality
follows from the change of measures, and the last inequality
follows from the set inclusion relation. Since liminf,_, o, Pr{¢, =
0 : P"} = 1 — limsup,_Pri¢g, = 1 P o= 1 —
o € (0, 1) (because ¢, is pointwise asymptotically level o) and
lim,,_>Oo Pr{E : P§"} = 0(by (2)), it follows that

e, = 0}dP;"

11m1nf longl[l — ¢n] > —K(P§,P) — € > —K(P, Py) — 2¢,
— 00

where the second inequality follows from the definition of Py. Since
€ is arbitrary, the conclusion is obtained.

A.2. Proof of Theorem 2.1

Proof under Condition 2.2. Pick any P; € int(Q) \ #.Since P; €
int(@), there ex1sts r > 0 such that Bi(P1,7) € @. The weak

convergence P = Py implies that P € Bi(P;,r) C @ foralln
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large enough. Thus, for all n large enough, it holds

Ep, [1{T(Py) < cu}] = Ep, [1{P, € {Q € @ : T(Q) < ca}}1. 3)

Now pick any € > 0. Note that the function « (1) is non-increasing
(by definition) and right continuous in n € [0, co) (by Lemma B.2).
Thus, there exists § > 0 such that

—k(8) < —k(0) + € = —K(P,P;) + ¢, (4)

where the equality follows from Condition 2.1(b). For this §, it holds

1 long1 [1{T(ﬁn) <}l

lim sup
n—-oo
< limsup — long1 1{Pn e 25)1
n—oo
< —K (£, P1)
= —x(3)

< —K(?,P1)+€,

where the first inequality follows from (3), ¢, \, 0, and §25 C £2;,
the second inequality follows by Sanov’s Theorem based on the
fact that £2; is closed in the weak topology, the equality follows
from Lemma B.1, and the last inequality follows from (4). Since €
is arbitrary, the conclusion is obtained. O

Proof under Condition 2.3. The first step involves proving that

.Q C .Q forn < 7. Notethat.Q = £, U 0*$,, where the

set for boundary points is defined as

9%82, = {Q ¢ £2, : Jasequence {Qy :
C 2, such that @ = Q}.

k € N}

IfQ € £, then Q € £, by definition. Now suppose Q € 9*2
By definition there exists a sequence {Qx : k € N} C £, such that
Qr = Q. It then follows that {Q, : k € N} C £2,/, which implies
Q € £2,/. Thus, we obtain 2, € £2,,.

The second step is to prove that k(n) = K(.(_Z,,, Py) is right
continuous at = 0. Pick any sequence of positive numbers
{nm : m € N} with n, \ 0. Note that by Condition 2.1, the
closedness of 2, and 0 < K(J P;) < oo, we have k(0) < o0.
Since .Q c .(2,7 for n < n/, the function i (-) is non-increasing.
Thus, the limit limp,_, o K (7)) exists and it holds limp,_, oo £ () <
k(0) < oo. Since .(_2,, is closed in the weak topology by definition
and K(Q, P;) is lower semicontinuous under the weak topology
in Q (see, Lemma 1.4.3 of Dupuis and Ellis, 1997), there exists
Qn € £2,, forallm € N such that K(Qu, P1) = k(nn) < oo.
Since the sequence {Q,, : m € N} is on the compact set @, there
exists a subsequence {Qmj : j € N} such that Qm;, = Q* for some
Q* € Q. Since K(Q, P;) is lower semicontinuous in Q,

K(@Q*, P1) < liminfK(Qm, P1) < oo.

Jj—o0
There are two possibilities. First, if there exists a further
subsequence {Qy, : k € N} of{Qmj : j € N} such that Q, € .Q,hnk

forall k € N, then T(Qy,) < 1, for each k € N and Condition 2.3
implies T(Q*) = 0 meaning that Q* € §2y. As a result,

k(0) = lim k(1m,)

k—o00
= likm infK (Qm,. P1) = K(Q*, P1) > i(0), (5)
— 00
and it follows that limy_.o K (nm,) = k(0). Second, if such a

subsequence does not exist, then it must be the case that Qm}. €
Q,,mj for all j large enough. Since Qm, = Q* and Nm; 0, it
follows from Lemma B.3 that T(Q*) = 0 and (5) follows. Therefore,

i (n) is right continuous at n = 0, i.e,, for any € > 0 there exists
8 > Osuchthat«(0) — k(8) < e.

The third step is to derive the conclusion by using Sanov’s
theorem and the results in the previous steps. Now, pick an
arbitrarye > 0.Then

lim sup — longl[l{T(P ) < cn}l
n—oo
< llmsup longl[l{P e 251
n—oo

< —k(8) < —k(0) 4+ € = —K(P,Py) +¢,

for some § > 0, where the first inequality follows from (3), ¢, N\ O,
and 25 C 2, the second inequality follows by Sanov’s Theorem
based on the fact that §2; is closed in the weak topology, the third
inequality follows from the right continuity of () at n = 0, and
the equality follows from £2o = & (by Condition 2.1(b) and the
closedness of &). Since € is arbitrary, we obtain the conclusion. O

A.3. Proof of Theorem 3.1

Pick any € > 0 to define #. and Q.. Condition 2.1(a) follows
from Lemma B.4 by replacing m(x 0) with m(x).

Proof of (i). The proof'is a special case of that of Theorem 3.2(i) with
replacements of m(x, 6) with m(x).

Proof of (ii). Pick any a € R to define p,. First, from Lemma B.5
(with replacements of m(x, 6) with m(x)), ¢q, is pointwise
asymptotically level «.

Second, we present some properties of Tg. Let $p = {P € M :
Ep[m(x)] = 0} and Q) = {P € o : P € Q,Q K P}L
Under Condition 3.1, we can apply Theorem 3.4 of (Borwein and
Lewis, 1993): if $,(Q) is not empty (i.e., the primal constraint
qualification of (Borwein and Lewis, 1993) is satisfied), then

Ta(Q) = sup Eqlpa(y'm(x)) — pa(0)] = inf Du(Q, P), (6)
Perp(Q)

yelg

for each Q € M, where

[ ()

o0 otherwise.

Dy(Q. P) = 1) dQ ifPKQ

If $£5(Q) is empty, then we have T;(Q) = oo (because we can take
A so that A’m(x) have the same sign for almost every x under Q)
and infpe 7 0) Da(Q, P) = oo (by convention).

Note that the mapping D, : M x M — [0, oo] is a special case of
the so-called f-divergence (see Liese and Vajda, 1987). It is known
that

(D1) D4(Q, P) =0ifand only if Q = P;

(D2) D4(Q, P) is lower semicontinuous under the product topol-
ogy for (Q, P) € M x M induced by the weak topology for
M and M (Liese and Vajda, 1987, Theorem 1.47).

Third, we check Condition 2.1(b) for Ta, ie, P = {R € Q.
T.(R) = 0} in this case. Suppose Q € £. C $p. Then the definition
of #,(Q) impliesQ € O(Q) Also, (6 )and the setinclusion relation
imply 0 =< Ta(Q) - ianeJO(Q) Da(Q P) =< Da(Q: Q) = 0.
Therefore, fromQ € £. C @, wehaveQ € {R € Q. : T,(R) = 0}.
On the other hand, suppose Q € R € @ : T,(R) = 0}. From
T.(Q) = 0and £(Q) C &y, we have infpep0 D,(Q,P) =
Since $, is compact (by applying Lemma B.4 for the case of ¢ = O
with replacements of m(x, ) with m(x)) and D,(Q, P) is lower
semicontinuous in the weak topology for P € M (by (D2)), there
exists P* € £, such that 1nfp€, D,(Q,P) = D,(Q, P*) = 0. Now
(D1) implies Q = P* € % and thus Q € @, implies Q € 2.
Combining these results, Condition 2.1(b) is verified.
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Finally, we check Condition 2.3. Pick any sequence {Qp,, : m €
N} € @.suchthat Q; = Q € Q. and T,(Q;) < nn for all
m € N. Since the set &, is compact in the weak topology (by
applying Lemma B.4 with replacements of m(x, 6) with m(x)) and
D4(Q, P) is lower semicontinuous in the weak topology for P € M
(by (D2)), there exists a sequence P € %, such that Do(Qm, Pj) =
infpepy Da(Qm, P) < Ta(Qm) for each m € N. Since {P;, : m € N}
is a sequence on the compact set £, there exists a subsequence
{P,;qj : j € N} such that P,’;j = P* € $y. Now, from (D2), it follows
that

0 = lim infnmj > lim infTa(Qmj)
j—o0 j—oo

> liminfDq(Qm;, Py,) > Da(Q, P*)
j—oo

which means Q = P* (by (D1)). Therefore, it holds P* € $,(Q) and
To(Q) = infpepyo) Da(Q, P) < Dg(Q, P*) = 0, which completes
the proof.

A.4. Proof of Theorem 3.2

Pick any € > O to define #. and Q.. Condition 2.1(a) follows
from Lemma B.4.

Proof of (i). From Lemma B.5, ¢gum.n iS pointwise asymptotically
level «. Also Condition 2.1(b) follows immediately. So we
concentrate on showing that Tgyy satisfies Condition 2.2.

Pickany Q* € {Q € Q. : K(Q, P;) < 0o}. We first re-write the
mapping as Teum (Q) = infyco Temm (Q, 6), where

Tam (Q, 0) = n(Q, 0)' 2(Q,0(Q) ' 1n(Q, 0),

and 1(Q,0) = Eq[m(x, 6)]. When £ (Q, 6(Q)) is singular, we
define Ty (Q, 0) to be infinity if || £(Q, #)]| # 0 and to be zero
if |u(Q, 8)]| = 0. By Condition 3.2 and the Portmanteau Lemma
(see, Lemma 2.2 of van der Vaart, 1998), both £ (Q, #) and X' (Q, 6)
are uniformly continuous in (Q, #) € M x ©, as both M and ®
are compact. Thus, since é(Q) is continuous in Q, X (Q, é(Q)) is
continuous in Q € M.

Pick any sequence {(Qy;, 6,) : m € N} such that Q,, = Q*
€ {Q € @ : K(Q,P;) < oo}and 6, — 0* € O.We split
into three cases. First, suppose det(X(Q*, é(Q*))) > 0. Then
since det(X(Qm, #(Qm))) > O for all m large enough, we obtain
Teum (Q*,0%) = limp_ oo Toum (Qm, Om). Second, suppose that
det(X(Q*,0(Q*)) = 0 and [|u(Q*,6")| = 0. Then
Teum(Q*,0%) = 0 < liminfy_ . Tomm(Qm, Om), since
Tevmi (Qm, 6m) > 0 for all m € N by definition. Third, sup-
pose det(X(Q*, 6(Q*)) = 0 and ||x(Q*, 6%)] # 0, so that
Tevm (Q*, 0*) = oo. We can partition the sequence {Q,, : m € N}
into two subsequences {Qm;} and {Qu, } such that

(a) det(X(Qm:, é(Qmj))) = 0 along the subsequence,

(b) det(X(Qm,, é(ka))) > 0 along the subsequence.

We concentrate on the case where both {Qmj} and {Qp,} have
infinitely many elements (the case where {Qmj} or {Qp,} has a
finite number of elements can be handled in the same manner).
Since ||t (Qm, 6m)|| > O for all m large enough, we can construct
the above subsequences such that ||M(va,9mj)|| > 0 and

|14 (Qm, , Om, )|l > O for allj and k large enough. By the construction
of the subsequences {Qm;} and {Qp, },

lim inf Tepn (Quns Orm)
m—o00

= min {li_m infTGMM(Qmj, Om;), likm inf Tevn (Qumy,» Gmk)}
j—o00 — 00

= likrg(i)glfTGMM(kav gmk) = TGMM(Q*a 6*)5

where the second equality follows from TGMM(Qmj, ij) = o0
for all j large enough, and the third equality follows by
Temm (Qmy » Omy,) being a continuous transformation of 1 (Qmy, Om,,)
and E(ka,é(ka)) and therefore continuous in (Qm, Om,)-
Combining all three cases,

Teum (Q*, 07%) < linn_l)ngGMM(Qma Om), (7)

for any sequence {(Qy, 6m) : m € N} such that Q,, = Q* € {Q €
Q. :K(Q,P) <oo}and b, —> 0* € O.

Now pick any sequence {Q, : m € N} in @, such that Q,, =
Q* € {Q € @, : K(Q, P;) < o¢}. By the compactness of ® and the
continuity of Toym (Q, 6) in 6 € ® for each Q € @, there exists a
sequence {0, : m € N} in @ such that Teym (Qm) = Tomm (Qms Om)
for each m € N. From the definition of the limit inferior, we can
always take a subsequence {(Q,;, Om}.) : j € N} such that

lim inf Teym (Q) = lim inf Touy (Qim, Om)
m—00 m—o00
= llm TGMM(Qmj, Qmj)-
j—o00

If liminfy,_ o Toum (Qm) = oo, then Condition 2.2 trivially holds
for Tgym. Thus consider the case of liminfy,_, oo Toum (Qm) < 00.
Since {Omj : j € N} is a sequence on a compact set ®, we can take
a further subsequence {émk : k € N} which converges to some
6 € ©.It then follows that

liminf Toum (Qn) = lim Towm (Quys Omy)
m—o0 k— o0

> Teum (Q*, 0) = Teum (QF),

where the first inequality follows from (7) and the second
inequality follows by the definition of Tgyy (Q*). Therefore, Teyy
satisfies Condition 2.2.
Proof of (ii). The proofis similar to that of Theorem 3.1(ii) by noting
that
T,(Q) = inf sup Eqlpa(y'm(x,0)) — pa(0)]

0e® yelg ©®)

= inf D,(Q,P),

PeP(Q)
where #5(Q) ={P € £ : P € Q,Q K P}and £y = Ugepf{P €
M : Ep[m(x, 6)] = 0}.

Appendix B. Additional lemmas

Lemma B.1. Under Conditions 2.1(a) and 2.2, for each P; € @ and
each n € [0, 00) with k() < oo, there exists Q* € £2, such that
I<(Q*7 P1) = I<(QI77 P1) = K(U)~

Proof. Pick any P; € @ and n € [0, co) with k(1) < oc. Define
2, =1{Q € M : K(Q,Py) < «(n) + 1}. Since £2; is compact in
the weak topology (Dupuis and Ellis, 1997, Lemma 1.4.3), £2, N £2;
is also compact. Since K(Q, P;) is lower semicontinuous inQ € M
under the weak topology (Dupuis and Ellis, 1997, Lemma 1.4.3),
the compactness of £2, N £, implies that there exists a measure
Q* € £, N £ such that K(Q*, Py) = K(£2, N £, Py). Since
K($2,,P1) = K(£2, N £2), P1) (otherwise there would exist Q0 e
£2, \ £ such that K(Q,P;) < K(Q*, P,).But using Q & £2) and
Q* € .Q,’7 we would obtain a contradiction). Therefore, we have
K(Q*, Py) = K(£2,,P1) < k(1) < oc. )

Finally, we show Q* € £2,, which implies K(£2,,, P1) = x(n).
From K(Q*,P;) = K(.(_Z,,, Pq), we can take a sequence {Q
m € N} in £, such that Q, = Q. Since Q* € @ (from
Q" € 2,N .Q,;) and K(Q*, P;) < oo, Condition 2.2 guarantees
T(Q*) < liminf;_ o T(Qm) < nsoQ* € £2,. This completes the
proof. O

Lemma B.2. Under Conditions 2.1(a) and 2.2, the function «(n) is
right continuous in n € [0, 00).
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Proof. First, note that £2,, < $2,, if n» > n; meaning that
K(£2,,, P1) < K(£2,,, P1). Thus, « (-) is a non-increasing function.

Second, let {n; m € N} be a sequence of positive real
numbers monotonically decreasing to some n € [0, 0co) such that
k(n) < oo. Since k(-) is non-increasing, {k(9n) m € N}
is a non-decreasing sequence bounded by « (1) from above, and
limp,_, o & () exists. By Lemma B.1 it follows that foreachm € N
there exists Qn € £2,,, such that K(Qp, P1) = k(nm) < «(m).
Since K (-, P1) has compact level sets for each P; € M (see Dupuis
and Ellis, 1997, Lemma 1.4.3), {Q,, : m € N} has a subsequence
{Qm: :j € N} such that Qn = Q €M and K(Q, P;) < «x(n) < oo.
Ancf by Condition 2.1(a) and the fact that {Q,, : M € N} C @, it
follows that Q € Q.

Third, since T(Qu;) < nm for eachj € Nand T is lower
semicontinuous at Q such that K(Q, P;) < oo by Condition 2.2,
it follows that T(Q) < liminfi_, T(Qmj) < liminfi_, o Mmy = 1.
Therefore, Q € £2, and we can conclude that

() = 1im k(i) = mMinfK (Quy, Pr) = K(Q. Py) = x (),
j—oo j—o00

which means lim;_, oo K (m;) = k().

Finally, note that the conclusion also holds for € [0, co) such
that k(n) = oo. To see this, suppose not, i.e,, k(1) = oo but
limy,—, 0 € (7m) exists for a sequence {n, : m € N} with n, \( 7.
By applying the previous argument, there exists Q € £2, such that
K(Q, P1) < oo, which violatesx(n) = oco. O

Lemma B.3. Let

8%82, = {Q ¢ £2,, : Jasequence {Qy : k € N}
C 2, such that Qx = Q}

be the set of boundary points of £2, in the weak topology.
Under Condition 2.3, if Qn € 0*$2,,, for allm € N with a sequence
Nm \ 0and Q;, = Q* € M, then it holds T(Q*) = 0.

Proof. Pick any sequence {Qn, : m € N} such that Q,, € 9*£2,,, for
allm € N with some sequence 1, N\, 0 and Q,, = Q* for some
Q* € M. For this Q*, suppose that

3{Q,, : m € N}

such that Q,, € £2,,, forallm € Nand Q,, = Q. (8)
Then Condition 2.3 implies T(Q*) = 0. So it is sufficient to
show (8).

From Q, € 0%£2,,, and the definition of 0£2,,,, it follows that
for all m € N there exists a sequence {Qxmy : k(m) € N} such
that Qxmy € $2, for all k(m) € N and d;(Qxm), Qn) — 0 as
k(m) — o0.Thus, there exist k* (m) such that for all k(m) > k*(m),

dy(Qumy» Q) < 1/m.

Now pick any € > 0. From the above display and the fact
that Q, = Q% it follows that there exists M € N such that
dr(Qi+(my, Qm) < €/2and d;(Qm, Q*) < €/2forallm > M. We can
conclude that d; (Que(m). Q%) < di(Qer(my» Qm) + d1(Qm., Q%) < €.
Since € is arbitrary, we obtain Qum € $£2,, forallm € N and
Qem = Q"asm — oo, so that (8) holds true. Condition 2.3
implies T(Q*) = 0 and this completes the proof. O

LemmaB4. [et Qcyp = (P € M : det(X(P,0)) > €},Q =
Ugeo @cp, and P = Upcp{P € Qcp : Ep[m(x,0)] = 0}.
Under Condition 3.2, Q. and $. are compact in the weak topology
foreverye > 0.

Proof. Pick any € > 0. From Theorem D.8 of Dembo and Zeitouni
(1998), the set M is compact in the weak topology if the support X
is compact (assumed in Condition 3.2). Thus, it is sufficient to show
that Q. and &£ are closed in the weak topology.

We first show that @, is closed. Take a sequence {Q,, : m € N}in
@, suchthat Q,, = Q* € M. Note that for every m € N, there exits
0 € O such that det(X'(Qn, 6;,)) > €. Also, by compactness of ®
there exists a subsequence {6, : k € N} of {6} such that 6, —
0% € ©.Letg(x,0,Q) = (m(x,0) —n(Q, 0))(m(x,0) —n(Q, 0))".
By Condition 3.2,g(x, 8, Q) is uniformly continuous on X x ® x M.
Then

|2 @uny Om) — 2@, 6%)|
/ (g(xa kaa ka) - g(X, 9*7 Q*))dek
X

=

+

/ g(x,0%,Q")(dQ" — dQm,)
X

< sup [[g(x, Om. Qm,) — g(x, 6%, Q)|
XxexX

+ — 0, (9)

/ g(x,0%,Q")(dQ" — dQm,)
X

as k — oo, where the convergence follows from the Portmanteau
Lemma (van der Vaart, 1998, Lemma 2.2) and the uniform
continuity of g(x, 6, Q). Since the determinant is a continuous
function, it follows that det(X (Q*, 6*)) > ¢ and so Q. is closed.

We next show the closedness of #.. Take a sequence {P,, :
m € N} in £. such that P, = P* € M. Then there exists a
sequence {6, : m € N} such that fx m(x, 6,,)dP,, = 0. Since ®
is compact, there exists a subsequence {6, : k € N} such that
Om, — 0* for some 6* € ©. Therefore, it is sufficient to show that
Epx[m(x, 6*)] = 0. To prove this, note that

/ m(x, 0*)dP*
x

< lim ‘/ m(x, 6*)(dP* — dPy,)
k— 00 x

+ lim
k— o0

/ (m(x, 6%) — m(x, O, ))dPp,
X

:0,

< lim sup |m(x, 6*) — m(x, Om,)
k—00 xex;
where the first inequality follows from the definition of 6,,, the
second inequality follows by the Portmanteau Lemma (van der
Vaart, 1998, Lemma 2.2) as m(-, #) is bounded and continuous for
all & € O, and the equality follows by the uniform continuity of
mx,0)onX x ®. O

Lemma B.5. Pick any ¢ > 0 and a € R. Under Condition 3.2,
the two-step GMM test ¢gum,n and the GEL test ¢4 n defined in
Section 3.2 are pointwise asymptotically level c.

Proof. First, consider the continuous updating GMM test statistic
(i.e., the case of a = 1). In this case, the supremum for y has
an explicit solution and the test statistic is written as Ty (15“) =
infyco £cy(0), where £y () = (1/2)1?1,1(0)/2(13,1, 0)"'m,(0) and
my(0) = n~ 'Y, mx;,0). Take any P* € &. There exists
0* € O such that Ep<[m(x, 6*)] = 0 and X (P*, 0*) is positive
definite. Let ¢y n = I{TCU(ISH) > xil_u/(Zn)}.Bythe central limit
theorem, 2nfcy (0*) = qu under P*, and therefore,

n—oo n—oo

lim sup Ep+[pcy.»] = lim sup Pr {ein(f) 2nley(0) > Xq2 g P*}
n )

< limsupPr {2n€cy (6*) > x24_, : P*} =«
n—oo
Similarly, we can define the objective functions gy () and £,(6)
for the two-step GMM and GEL tests, respectively. Since £gyp (0%)
and £,(6*) are asymptotically equivalent to £, (6*) under P* € £,
(see, Newey and Smith, 2004), we obtain the conclusion. O
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